In this note we prove that the explicit realization of arbitrary complex powers of generators of quantum group U q (sl (2)) satisfies all the commutation relations of the algebra of complex powers, including the generalized Kac's identity which was announced in our previous paper. It turns out that the latter identity in this realization is equivalent to 6 − 9 integral identity on quantum dilogarithm.
Introduction
Let g be a Lie algebra, let q = e πıb 2 , b 2 ∈ (0; 1), and b 2 is irrational. To any such Lie algebra one can associate a Hopf algebra U q (g) called quantum group [2] . The notion of the modular double of quantum group was introduced by Faddeev [5] in the case of U q (sl(2)) as a tensor product of two quantum groups U q (sl (2) ) and its modular dual Uq(sl(2)),q = e πıb −2 . The modular double appears in many areas of mathematical physics such as Liouville theory [12] , [6] , relativistic Toda model [10] and others. Further progress in the study of modular double has been made in papers [1] , [13] , where the special class of representations of U q (sl(2)) has been considered. These representations exhibit a duality under the exchange b ↔ b −1 and they are simultaneously representations of the modular dual group Uq(sl(2)). Furthermore, the generators of the dual group are related to the generators of the original via the so-called transcendental relations. Specifically, let K, E, F be the usual generators of U q (sl (2) ) and K,Ẽ,F be the generators of the dual group Uq(sl (2) ). Define the rescaled versions of some of these generators E = −ı(q − q −1 )E, (1.1) 2) and the dual onesẼ
Then these rescaled generators are realized by positive self-adjoint operators and satisfy the transcendental relations
After identification of the generators of the dual quantum group with certain powers of generators of the original, one is naturally led to consider arbitrary complex powers of generators which will form a basis of the bigger Hopf algebra.
In [14] we presented complete set of defining relations 2 of the Hopf algebra of arbitrary complex powers in the case of simply-laced Lie algebras.
In this note we study explicit realization of the Hopf algebra of arbitrary complex powers of generators of quantum group U q (sl(2, R)) via positive self-adjoint operators. We check that all the defining relations, including the generalized Kac's identity hold in this realization.
The plan of the paper is as follows. In Section 2 we recall the definition of quantum group U q (sl(2)), special function G b (x), called quantum dilogarithm and its properties which plays an important role in the theory of positive principal series representations. In Section 3 the Hopf algebra of arbitrary complex analogs of divided powers of generators has been constructed, which is the generalization of the algebra of divided powers
studied by Lusztig (see e.g. [11] ). We study explicit realization of the Hopf algebra generated by divided complex powers of generators of U q (sl(2)). In the Theorem 3.1 we summarize all defining relations in the Hopf algebra of complex powers of U q (sl(2)).
Preliminaries
Let us start by recalling the definition of a quantum group U q (sl(2)) [2] . U q (sl(2)) (q = e πıb 2 , b 2 ∈ R \ Q) is a Hopf algebra with generators E, F , K = q H and relations
2)
3)
Coproduct is given by
Non-compact quantum dilogarithm G b (z) is a special function introduced in [4] (see also [3] , [6] , [15] , [9] , [10] , [1] ). It is defined as follows Below we outline some properties of G b (z), for details see appendix. 1. The function G b (z) has simple poles and zeros at the points
respectively, where n 1 ,n 2 are nonnegative integer numbers. 2. G b (z) has the following asymptotic behavior:
4. Reflection formula:
Let us also introduce a closely related function g b (z), eq.(3.9) in [1] by the formula:
. 
where the contour C goes along the real axis above the sequences of poles going down and below sequences of poles going up.
3 Explicit realization of algebra of arbitrary complex devided powers of U q (sl (2)) (2)) and let us introduce the following rescaled generators:
which satisfy the following relations
The following operators define a representation of U q (sl (2))
7)
E = e −πb(u−α)+ıb∂u + e πb(u−α)+ıb∂u , (3.8)
Note, that operators E and F have the form
where
This allows one to define their arbitrary powers by (2.16). Let us introduce the notion of divided powers of E and F by the formulas
12)
Then we have Proposition 3.2 (Lemma 4.3, [8] ). Let the rescaled generators K, E, F of U q (sl (2)) be realized by the formulas (3.7)-(3.9). Then for their powers we have the following realization
14)
15)
Proof . See the proof in [8] , or for another proof one can use the q-binomial Theorem (2.16) and after that apply τ -binomial integral (4.10). ✷
We are going to consider the algebra A(sl(2)) spanned by the elements
given by the formulas (3.14)-(3.16) the following commutation relations hold
where the contour C goes along the real axis above the sequences of poles going down and below the sequences of poles going up. Proof .
Let us check the relation E
. Substituting the formula (3.15) into the left hand side we obtain
The relation
is checked analogously. ✷ Lemma 3.2 Let generators K ıp , E (ıs) , F (ıt) be realized by the operators (3.14)-(3.16). Then for such operators the generalized Kac's identity (3.22) holds.
Proof . Substituting into the left hand side of generalized Kac's identity
explicit realization of generators (3.14)-(3.16), we have
The right hand side is given by:
This integral converges as τ → ±∞ for any parameters and the contour is deformed if necessary to separate sequences of poles going up and sequences of poles going down. In this case one can apply 6 − 9 identity (4.11) with A = −ıbs,
✷
We have explicitly checked all the commutation relations in the Hopf algebra, generated by complex powers of generators of U q (sl(2)) in the positive principal series representations.
Appendix

Quantum dilogarithm and its properties
The basic properties of non-compact quantum dilogarithm/double sine listed below are extracted mainly from [10] , [1] , [15] . Introduce the following notation q = e πıb 2 ,q = e πıb −2 ,
The integral representation of G b (z):
Noncompact analog of q-exponential g b (z):
Product representation:
.
(4.4)
Functional equations: 5) or more generally
(1 −q 2k 2 e 2πıb −1 x ), (4.6)
Reflection formula:
Poles and zeros:
(1 −q −2k 2 ) −1 ,
(1 −q −2k 2 ) −1 .
(4.9)
Tau-binomial integral [6] , [9] , [12] : 10) where the contour C goes along the real axis above the sequences of poles going down and below sequences of poles going up.
6-9 identity [15] : 11) where the contour C goes along the real axis above the sequences of poles going down and below sequences of poles going up.
q-binomial theorem [1] : Let u, v be positive self-adjoint operators subject to the relations uv = q 2 vu. Then: 12) where the contour C goes along the real axis above the sequences of poles going down and below sequences of poles going up.
